Abstract. Using the methods of the theory of classical potentials, we have constructed a Feller semigroup of linear operators that generates a multidimensional diffusion process whose diffusion matrix is given by a sufficiently regular function and whose drift vector is given by a generalized function of the type of a ߜ-function concentrated on a given hyperplane. Such process can serve as a mathematical model for describing the motion of a diffusing particle in a medium where a membrane is located on the hyperplane. The particle is receiving "a pulse of infinite intensity" at those instants of time when it is hitting the hyperplane. The direction of those pulses are determined by a vector field given on that hyperplane. It is important to emphasize that the trajectories of the process constructed are continuous.
Introduction
It is well known that the notion of a diffusion process in modern mathematics is intended to serve as a mathematical model for describing the motion of a diffusing particle, i.e. a small particle suspended in a liquid or a gas (Brownian motion, a phenomenon discovered by the English botanist Robert Brown in 1828). In short, that notion singles out a class of continuous Markov processes for which some local characteristics of the motion exist, namely, a drift vector and a diffusion matrix (operator) that respectively characterize the macroscopic and microscopic components of the motion.
An important problem is to develop some methods for constructing a diffusion process with its local characteristics previously indicated, i.e. vector-valued and matrix-valued functions are given and a diffusion process is to be constructed such that its drift vector and its diffusion matrix are represented respectively by the first and the second one of the two given functions. If those functions are sufficiently regular, one can make use of either the analytical method (the so-called Kolmogorov equation) or the method of stochastic differential equations in order to construct a diffusion process desired. Various results of the type are well known.
Please cite this article as: Mykola Portenko, Bohdan Kopytko, On constructing a multidimensional diffusion process with a membrane located on a given hyperplane and acting in an oblique direction, Scientific Research of the Institute of Mathematics and Computer Science, 2012, Volume 11, Issue 3, pages 137-147. The website: http://www.amcm.pcz.pl/ It turns out, however, that a diffusion process can be constructed from some given functions (mentioned above) being extremely irregular. In particular, a function representing the drift vector can be a generalized one of the type of a ߜ-function concentrated on a given surface (a function represented the diffusion matrix should be at the same time a "nice" one). Such a process describes the motion of a diffusing particle in a medium where a membrane is situated on the surface. The particle receives a pulse "of infinite intensity" every time it hits the surface. In [1] and [2] some results of the type are presented in the situation when the direction of the pulse coincides with the conormal vector to the surface. Using the ideas of [1] - [3] , we constructed in our paper [4] the corresponding diffusion process in the situation when the direction of the pulse is determined by an arbitrary vector field on a given hyperplane while the diffusion matrix was there assumed to be an identity one. The aim of this paper is to generalize that result on the situation when the diffusion matrix is an arbitrary bounded, Hölder continuous and uniformly nondegenerated matrix-valued function.
The Feller semigroup of operators that determines the process desired is here constructed as a solution of some parabolic conjugation problem with oblique derivatives in one of the two conjugation conditions posed at the points of a fixed hyperplane. And the classical solvability of the problem is established here by the method of boundary integral equations with the use of a single-layer potential generated by an ordinary fundamental solution of a parabolic equation with Hölder continuous coefficients [3] , [5] , [6] , [7 
Notice that diffusion processes of the kind were constructed in [9] , but the Pagni special single-layer potential [10] was used there instead of an ordinary one used in this paper. It should be mentioned that our problem was also investigated in [11] and [14] by the methods of stochastic analysis.
Notations, the problem formulation, assumptions
We will use the following notations: the partial derivative of the order ‫ݎ‬ with respect to ‫ݐ‬ and any partial derivative of the order ‫‬ with respect to ‫ݔ‬ respectively, where ‫ݎ‬ and ‫‬ are non-negative integers;
ௗ ൯ is the Banach space of all real-valued bounded and measurable functions on ℝ ௗ with the norm ‖߮‖ = sup ୶∈ℝ ౚ|߮ሺ‫ݔ‬ሻ|; ࣝ൫ℝ ௗ ൯ is the space of all real-valued continuous functions on and ‫ܦ‬ ௫ , ‫ݎ‬ = 1, ‫‬ ≤ 2. Everywhere below ‫ܥ‬ and ܿ there are some positive constants that do not depend on ሺ‫,ݐ‬ ‫ݔ‬ሻ and as a rule their values are not important to us. Other notations will be explained as soon as they have arisen.
Suppose that a differentiable operator ‫ܮ‬ is given on ℝ ௗ , ݀ ≥ 2, such that it generates a homogeneous diffusion process called the diffusion matrix and the drift vector respectively (see [1] ). Suppose now that some continuous bounded functions ߙ ሺ‫ݔ‬ ᇱ ሻ, ‫ݍ‬ ሺ‫ݔ‬ ᇱ ሻ for ݅ ∈ ሼ1, … , ݀ − 1ሽ, ݆ ∈ ሼ1, 2ሽ and ‫ݔ‬ ᇱ ∈ ܵ are given such that ‫ݍ‬ ሺ‫ݔ‬ ᇱ ሻ ≥ 0 and ‫ݍ‬ ଵ ሺ‫ݔ‬ሻ + ‫ݍ‬ ଶ ሺ‫ݔ‬ሻ > 0. The problem is to construct a semigroup of linear operators ܶ ௧ , ‫ݐ‬ ≥ 0, such that
by the equality ‫,ݐ‪ሺ‬ݑ‬ ‫,ݔ‬ ߮ሻ = ܶ ௧ ߮ሺ‫ݔ‬ሻ (we will write down ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ instead of ‫,ݐ‪ሺ‬ݑ‬ ‫,ݔ‬ ߮ሻ) is a solution to the following parabolic conjugation problem:
The equalities (2)- (5) mean that the semigroup ܶ ௧ , ‫ݐ‬ ≥ 0, corresponds to a Feller process in ℝ ௗ such that its part in the domain ‫ܦ‬ ଵ ∪ ‫ܦ‬ ଶ is a diffusion process generated by the operator ‫ܮ‬ and its behaviour at the points of the boundary ܵ (where a membrane is situated) is determined by a particular case of the general Ventsell boundary condition [12] . Namely, our particle, after reaching a point on ܵ, can be either reflected into the domain where it has come from or can penetrate into the opposite domain; besides it can be drifted along the hyperplane. Combining all these possibilities, we can say that the membrane (which is situated on ܵ) affects our particle in an oblique direction (see Theorem 2 below).
We are going to construct a bounded (in the spatial variable) classical solution of the problem (2)- (5), such that the function ‫,ݐ(ݑ‬ ‫)ݔ‬ belongs to
Solving the parabolic conjugation problem
In order to solve the problem (2)- (5) we apply the method of boundary integral equations. Suppose that the coefficients of the operator ‫ܮ‬ and ‫ܮ‬ satisfy following conditions:
denote the fundamental solution (f.s.) of the operator ‫ܦ‬ ௧ − ‫ܮ‬ (see [1] , [2] , [5] , [7] , [8] ):
where
݃ ଵ is a term whose singularity, as ‫ݐ‬ → 0 +, is weaker than that of ݃ . The following inequalities are true for the functions ݃ and ݃ ଵ for ‫ݎ2‬ + ‫‬ ≤ 2, ‫ݐ‬ ∈ ሺ0, ܶሿ and ሼ‫,ݔ‬ ‫ݕ‬ሽ ⊂ ℝ ௗ :
As a function of ሺ‫,ݐ‬ ‫ݔ‬ሻ, the principal part ݃ of f.s. has the derivatives in ‫ݐ‬ and ‫ݔ‬ of any order and the inequalities (7) and (8) 
and the parabolic single-layer potential
where ߮ and ܸ are some given functions. The estimates imply that under some assumptions on the densities ߮ and ܸ the functions ‫ݑ‬ and ‫ݑ‬ ଵ are continuous on ℝ ஶ ௗାଵ തതതതതതത , satisfy the equation (2) and also the initial conditions ‫ݑ‬ ሺ0, ‫ݔ‬ሻ = ߮ሺ‫ݔ‬ሻ and
The most important property of those derivatives is known as the theorem on the jump of the conormal derivative of a single-layer potential. Denote
the boundary values of the conormal derivative
as ‫ݔ‬ tends to ‫ݔ‬ ∈ ܵ from the domains ‫ܦ‬ ଵ and ‫ܦ‬ ଶ respectively. The theorem mentioned above says: if the function ܸሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻ is continuous on ℝ ஶ ௗ , bounded in spatial variables and has an integrable singularity in the variable ‫,ݐ‬ then for any point ‫ݔ‬ ∈ ܵ and ‫ݐ‬ > 0 the following equality
holds true. The integral on the right hand side of (11) is called the direct value of the conormal derivative of the single-layer potential (10) . Its existence follows from the inequality
that is held for ‫ݐ‬ ∈ ሺ0, ܶሿ, ሼ‫ݔ‬ , ‫ݕ‬ ᇱ ሽ ⊂ ܵ with some constants ‫ܥ‬ and ܿ.
Another property concerns the behaviour of the derivatives of the function ‫ݑ‬ ଵ in the directions tangent to ܵ at the point ‫ݔ‬ (in the case under consideration they are the partial derivatives ‫ܦ‬ ‫ݑ‬ ଵ ሺ‫,ݐ‬ ‫ݔ‬ሻ, ݅ ∈ ሼ1, … , ݀ − 1ሽ). It is known that in the case of the function ܸ being Hölder continuous in the spatial variables, the tangent derivatives of ‫ݑ‬ ଵ as well as the function ‫ݑ‬ ଵ itself are continuous in ‫ݔ‬ in any neighbourhood of ܵ.
The problem (2)- (5) will be reduced to solving a Volterra integral equation. We are going to look for the solution ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ of the problem (2)- (5) in the following form:
where ‫ݑ‬ and ‫ݑ‬ ଵ are defined by the formulas (9) and (10) respectively; the function ߮ in (9) coincides with the initial function in (3); the density ܸ in (10) is an unknown function. In order to determine this, we use the conjugation condition (5) that can be written in the following form:
This relation together with (11) imply the following relation for the ܸሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻ:
where:
The equality (15) is a Volterra integral equation of the second kind. It follows from (7), (8), (12) and also from the estimates (13.2), (13.3) in [7, Ch . IV] that the kernel ‫ܭ‬ and the function Ψ satisfy for 0 ≤ ߬ < ‫ݐ‬ ≤ ܶ, ሼ‫ݔ‬ ᇱ , ‫ݕ‬ ᇱ ሽ ∈ ℝ ௗିଵ and ‫ݐ‬ ∈ ሺ0, ܶሿ, ሼ‫ݔ‬ ᇱ , ‫ݔ‬ ᇱ ሽ ⊂ ℝ ௗିଵ the following inequalities respectively:
As inequality (16) shows, the singularity of the kernel ‫ܭ‬ is such that it does not allow us to apply the method of successive approximations to equation (15). It means that this equation should be regularized. With that end in view we introduce an integro-differential operator ℰ that acts on a function Ψ according to the following rule:
where ℎሺ‫,ݐ‬ ‫ݔ‬ ᇱ , ‫ݕ‬ ᇱ ሻ ‫ݐ(‬ > 0, ‫ݔ‬ ᇱ ∈ ℝ ௗିଵ , ‫ݕ‬ ᇱ ∈ ℝ ௗିଵ ) stands for f.s. of the following uniformly parabolic operator with Hölder continuous coefficients
and
ୀଵ ௗିଵ denotes the vector whose coordinates are expressed by the coordinates of the vector
If the function Ψ in (19) possesses the same properties as the function Ψ in (15), then putting Ψ ෩ ሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻ = ℰሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻΨ, we arrive at the relation
From this equality, taking into account the property of f.s., the estimates (17), (18), and using the following inequality:
with an arbitrary positive constant ܿ and some constant ܿ ᇱ , 0 < ܿ ᇱ < ܿ, we obtain that the function Ψ ෩ ሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻ as well as the function Ψሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻ is continuous in the region ሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻ ∈ ℝ ௗ ஶ , and it satisfies the inequalities (17), (18).
Further, by the analogy to that of [4] we prove that the equation (15) can be transformed by the operator ℰ (applied to both sides of (15)) into the following equivalent Volterra equation of the second kind:
and for the kernel
holds true. This inequality allows us to apply the method of successive approximations to the equation (21) and, as a consequence, we obtain the function ܸ. In addition, we establish that the solution ܸ has the same properties as the function Ψ ෩ , i.e. ܸ is continuous in the region ሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻ ∈ ℝ ஶ ௗ and it satisfies the inequalities (17), (18). We have from this that the function ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ defined by the formulas (13) , (21) As for the uniqueness of the solution constructed, it can be deduced from the results of [13] . We have thus proved the following assertion. Theorem 1. Let the coefficients of the operators ‫ܮ‬ and ‫ܮ‬ satisfy the conditions a)-d), and let the initial function ߮ in (3) be continuous and bounded. Then the parabolic conjugation problem (2)-(5) has the unique classical solution that is defined by the formulas (13), (21) and satisfies the inequality (23).
Constructing the diffusion process
The Theorem 1 implies that we can define a semigroup of linear operators ܶ ௧ , ‫ݐ‬ ≥ 0, whose action on a function ߮ ∈ ℬ൫ℝ ௗ ൯ ∩ ࣝ൫ℝ ௗ ൯ is given by the formula ܶ ௧ ߮ሺ‫ݔ‬ሻ = ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ, where the function ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ is given by the formulas (13), (21). Using the well-known properties of potentials, and also the maximum principle for parabolic equations, we can now verify that the constructed semigroup satisfies the following additional properties:
2º) ܶ ௧ ߮ሺ‫ݔ‬ሻ ≥ 0 for all ‫ݐ‬ ≥ 0, ‫ݔ‬ ∈ ℝ ௗ , if only the function ߮ is non-negative; 3º) ‖ܶ ௧ ‖ ≤ 1 for all ‫ݐ‬ ≥ 0.
These properties of the semigroup ܶ ௧ imply the existence of a transition probability ܲሺ‫,ݐ‬ ‫,ݔ‬ ݀‫ݕ‬ሻ in ℝ ௗ such that ܶ ௧ ߮ሺ‫ݔ‬ሻ = න ܲሺ‫,ݐ‬ ‫,ݔ‬ ݀‫ݕ‬ሻ ߮ሺ‫ݕ‬ሻ.
ℝ
It can be established that a Feller process in ℝ ௗ with this transition probability can be constructed in such a way that its trajectories are continuous. Some immediate calculations show that the local characteristics for this process exist in the following sense: 
where Θ ∈ ℝ ௗ , ߮ is an arbitrary continuous compactly supported function on ℝ ௗ ,
The equalities (24), (25) mean that the drift vector and the diffusion matrix for the process constructed are respectively as follows ܽሺ‫ݔ‬ሻ + ߙ ොሺ‫ݔ‬ ᇱ ሻߜ ௦ ሺ‫ݔ‬ሻ and ܾሺ‫ݔ‬ሻ,
where ߜ ௦ ሺ‫ݔ‬ሻ is a generalized function on ℝ ௗ whose action on a test function consists in integrating the latter one over ܵ.
As a result we have the following statement. (2)- (5) corresponds to a continuous Feller process in ℝ ௗ whose local characteristics exist in sense that the equalities (24) and (25) hold true.
